Abstract. We describe the structure of ground states and ceiling states for generalized gauge actions on an UHF algebra. It is shown that both sets are affinely homeomorphic to the state space of a unital AF algebra, and that any pair of unital AF algebras can occur in this way, independently of the field of KMS states.
Introduction and statement of the main result
Let A be a unital C * -algebra and α = (α t ) t∈R a continuous oneparameter group of automorphisms on A; in the following often called a flow on A. The infinitesimal generator δ of α is a linear map δ ∶ D(δ) → A defined on the dense * -algebra D(δ) of elements a ∈ A for which the limit δ(a) = lim t→0 α t (a) − a t exists. A state ω on A is a ground state for α when − iω(a * δ(a)) ≥ 0 (1.1)
for all a ∈ D(δ), and a ceiling state when iω(a * δ(a)) ≥ 0 (1.2) for all a ∈ D(δ), [BR] . Ground states for flows on UHF algebras were introduced and studied in the early days of quantum statistical mechanics; see in particular [Ru] , [PS] , [BR] and [AM] and the references therein. It was soon realized that a ground state need not be unique, see Example 5.3.20 in [BR] , but apparently no one has ever undertaken a study of how big a set of states the ground states can be. It is the main purpose of this paper to determine which compact convex sets can occur as the set of ground states for a flow on an UHF algebra. Unfortunately we can not do this in full generality; only for the special class of flows on UHF algebras that were called generalized gauge actions in [Th2] . Since these flows are approximately inner it follows from the work of Matui and Sato in [MS] that the class does not comprise all flows on an UHF algebra. The work of Matui and Sato disproved a conjecture by Powers and Sakai from [PS] and it is noteworthy that this was achieved by showing that there are flows on an UHF algebra, and
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1 more generally on any simple infinite-dimensional AF algebra, without ground states.
1
We denote the compact convex set of ground, resp. ceiling states for a flow α by GS(α), resp. CS(α). Since generalized gauge actions are approximately inner it follows from [PS] that GS(α) and CS(α) are not empty for the flows we consider. In fact, it was shown in [Th1] , and it also follows from the much more general result in [LLN] , that GS(α) is affinely homeomorphic to the state space of a quotient C * -algebra of the fixed point algebra when α is a generalized gauge action on an AF algebra. This sub-quotient whose state space is a copy of GS(α) is an AF algebra and the first question concerning the structure of GS(α) is therefore which AF algebras can occur here when α is a generalized gauge action on an UHF algebra. There is also an AF algebra whose state space is a copy of CS(α) and the same question therefore applies to that. It was shown in [Th2] that the field of KMS states can be almost arbitrary for a generalized gauge action on an UHF algebra, and it is natural to wonder if there is a relation between the field of KMS states and the sets of ground and ceiling states for such an action. Our main result is the following theorem showing that in general there are no relation between the field of KMS states and the sets of ground states and ceiling states, and that the state spaces of any pair of AF algebras can occur as the sets of ground and ceiling states. In the formulation of the theorem the Choquet simplex of β-KMS states for a flow α is denoted by S α β and the state space of a C * -algebra A is denoted by S(A). Theorem 1.1. Let γ be a generalized gauge action on an AF algebra and let U be a UHF algebra. Let A + and A − be AF algebras. There is a generalized gauge action α on U such that
• S α β is strongly affinely isomorphic to S γ β for all β ≠ 0, • GS(α) is affinely homeomorphic to S(A + ) and • CS(α) is affinely homeomorphic to S(A − ).
Combined with Theorem 1.1 in [Th2] it follows that the extreme variation with β of the simplixes of β-KMS states which occur for certain generalized gauge actions on UHF algebras can be extended to +∞ and −∞. More precisely: Corollary 1.2. Let U be an UHF algebra, and A + and A − two AF algebras. There is a generalized gauge action α on U such that
(1) for all β ≠ 0 the simplex S α β of β-KMS states for α is an infinite dimensional Bauer simplex and S α β is not affinely homeomorphic to S α β ′ when β ≠ β ′ , (2) GS(α) is affinely homeomorphic to S(A + ) and (3) CS(α) is affinely homeomorphic to S(A − ).
1 In this paper an AF algebra is unital and separable.
The notion of a strong affine isomorphism occurring in Theorem 1.1 was introduced in [Th2] and means that there is an affine bijection between the simplexes whose restriction to the extreme boundaries is a homeomorphism.
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Ground states and geodesics
The methods by which we shall prove Theorem 1.1 are adopted from [Th2] and take their outset from the following more detailed investigation of the set of ground states for a generalized gauge action on an AF algebra.
Let Br be a Bratteli diagram with vertex set Br V and arrow set Br Ar . The vertexes are partitioned into levels, Br V = ⊔ ∞ n=0 Br n , each consisting of finitely many vertexes and with only one vertex v 0 in Br 0 , the top vertex. For a ∈ Br Ar we let r(a) be the range vertex and s(a) the source vertex of a. The arrows in Br Ar go from one level to the next, i.e. s(a) ∈ Br n ⇒ r(a) ∈ Br n+1 . As usual we assume that
To such a diagram Bratteli associated in [Br] an approximately finitedimensional (or AF ) C * -algebra AF (Br) which can be described as follows. A finite path µ is a finite sequence a 1 a 2 a 3 ⋯a n of arrows a i ∈ Br Ar such that r(a i ) = s(a i+1 ), i = 1, 2, ⋯, n−1. The number n of arrows in µ is its length µ and we extend the range and source maps r and s to finite paths such that r(µ) = r(a n ) and s(µ) = s(a 1 ). Let P n denote the set of finite paths µ in Br of length n that are emitted from v 0 ; i.e. µ = n and s(µ) = v 0 . Set
and let F n be the finite dimensional C * -algebra generated by the matrix units
We consider F n as a C * -subalgebra of F n+1 via the unital embedding φ n ∶ F n → F n+1 defined by
where we sum over all arrows a ∈ Br Ar with s(a) = r(µ) = r(µ ′ ). Then
A function F ∶ Br Ar → R will be called a potential on Br. We extend F to P n such that
when µ = a 1 a 2 ⋯a n . The generalized gauge action α F on AF (Br) defined by F is the continuous one-parameter group α F = (α
where
By a generalized gauge action on an AF algebra A we mean in the following a flow α on A which is conjugate to the generalized gauge action α F on AF (Br) for some Bratteli diagram Br and some potential F . An infinite path p in Br is an infinite sequence p 1 p 2 p 3 ⋯ of arrows p i ∈ Br Ar such that r(p i ) = s(p i+1 ) for all i and s(p 1 ) = v 0 . For each n we denote by p[1, n] the finite path in Br consisting of the first n arrows in p, i.e. p[1, n] = p 1 p 2 ⋯p n . The infinite path p is called a geodesic, or a F -geodesic if it is necessary to specify the potential, when
for all µ ∈ P n with r(µ) = r(p n ) and for all n ∈ N. We let P (Br) denote the set of infinite paths in Br and Geo Ar are the arrows a ∈ Br Ar with the properties that a = p n for some geodesic
Proof. The inclusion Geo
) is obvious and it suffices therefore to consider an infinite path p ∈ P (Br + ) and show that F (p[1, n]) ≤ F (µ) for all µ ∈ P n with r(µ) = r(p n ). To deduce this by induction note that it is clearly true when n = 1. Assume therefore that it holds for n − 1. By definition of Br + there is a q ∈ Geo
Let G n be the set of paths of length n in Br + emitted from v 0 and set
Then G n is a * -algebra of F n ; in fact,
where Q n ∈ F n is the projection
where µ, µ ′ ∈ G n and the sum is over the arrows a ∈ Br
+
Ar with s(a) = r(µ) = r(µ ′ ). The inductive limit of the sequence
is the AF algebra AF (Br
. In order to relate AF (Br
need to identify the fixed point algebra of α F .
Lemma 2.2. The fixed point algebra AF (Br) α F of α F is the range of a conditional expectation
Proof. This follows from the observations that the right-hand side of (2.4) is a completely positive contraction for all T > 0 and that
The map q n (a) = Q n aQ n is a completely positive contraction q n ∶ F n → G n whose restriction to F α F n is a unital * -homomorphism. Since the diagram
) denotes the canonical embedding coming from the sequence (2.3). Set
Proposition 2.3. Let ω ∈ S (AF (Br)). The following conditions are equivalent:
Proof.
(1) ⇒ (2): Note that 1 − Q n is the sum the projections E n ν,ν , where ν ∈ P n G n . Let ν ∈ P n G n . It suffices to show that ω E n ν,ν = 0. To this end note that since ν ∉ G n there is a k > n such that the image of
with the property that for each ν ′ ∈ A there is a path µ ∈ P k for which
δ is the derivation generating α F . Since ω is a ground state we have that
(2) ⇒ (1): Note that ⋃ n F n is a core for δ by Corollary 3.1.7 in [BR] . To show that ω is a ground state it suffices therefore to show that −iω(a * δ(a)) ≥ 0 when a ∈ F n . To this end we write
(2) ⇒ (3): It follows from (2) that ω(a) = ω(Q n aQ n ) for all a ∈ F n and then from the commutativity of the diagram (2.5) that
We can therefore define a state ω ′ ∈ S(AF (Br
(3) ⇒ (2) follows from the observation that χ(1 − Q n ) = 0 for all n.
Theorem 2.4. The set GS(α F ) of ground states for the generalized gauge action α F is a closed face in the state space of AF (Br) affinely homeomorphic with the state space of AF (Br
Proof. That GS(α F ) is a closed face in S(AF (Br)) follows from the equivalence of (1) and (2) in Proposition 2.3. That GS(α F ) is affinely homeomorphic to S(AF (Br + )) follows from the equivalence of (2) and (3) in Proposition 2.3 since χ is surjective.
That the set of ground states constitute a closed face in the state space is a general fact and holds for all flows on unital C * -algebras by Theorem 5.3.37 in [BR] .
Example 2.5. A virtue of generalized gauge actions and the description of the set of ground states in Theorem 2.4 is that it is easy to construct examples. To illustrate observe that the following two Bratteli diagrams, Br 1 and Br 2 , are identical and AF (Br 1 ) = AF (Br 2 ) is the CAR algebra. The generalized gauge actions we equip the algebras with are given by the labels on the arrows; the numbers show the value of the potential on the arrow. Let F i be the potential described by the diagram Br i .
The Bratteli sub-diagrams Br + 1 and Br + 2 obtained from the F 1 -and the F 2 -geodesics are given by the following sub-diagrams:
It follows from Theorem 2.4 that there is a unique ground state for α F 1 while the set of ground states for α F 2 is affinely homeomorphic to [0, 1]; the state space of C 2 .
The main result
Let Br be a Bratteli diagram. As in [Th2] a projective matrix system over Br is a sequence A (j) , j = 1, 2, 3, ⋯, where
is a non-negative real matrix over Br j−1 × Br j subject to the condition that
for all w ∈ Br k and all k ≥ 1. Let lim ← j A (j) be the set of sequences
is a locally compact Hausdorff space in the topology inherited from the product topology of ∏ ∞ j=0 [0, ∞) Br j . This kind of inverse limit spaces are relevant here because they can be used to describe the β-KMS states for generalized gauge actions in the following way : When F is a potential defined on Br and β ∈ R a real number we define matrices Br(β) (j) , j = 1, 2, 3, ⋯, over Br j−1 × Br j such that
In the following we let S F β denote the set of β-KMS states for α F . When
, where µ ∈ P j terminates at v; i.e. r(µ) = v. The value ψ(ω) j v is independent of which µ ∈ P j terminating at v we use, and the resulting sequence (ψ(ω) j ) ∞ j=0 is an element of the inverse limit space lim ← j Br(β) (j) . Proposition 3.4 in [Th2] gives the following
Lemma 3.1 makes it possible to control the KMS-states when manipulating Bratteli diagrams and generalized gauge actions. For such purposes we need some lemmas starting with the following simple observation.
Lemma 3.2. Let Br be a Bratteli diagram and {A (j) } a projective matrix system over Br. Let {m j } ∞ j=1 be a sequence of positive numbers and set
The following is a version of Lemma 5.2 in [Th2] which is better suited for the present purposes.
Lemma 3.3. Let Br be a Bratteli diagram and {A (j) } a projective matrix system over Br. Set
and let {ǫ j } ∞ j=1 be a sequence in ]0, 1[ such that 0 < ǫ j < 1 and
when {B (j) } is a projective matrix system over Br with the property that for some
Proof. Let {B (j) } be a projective matrix system over Br such that for some N ∈ N the estimate (3.4) holds when j ≥ N. Choose positive numbers m i , i = 1, 2, 3, ⋯, N − 1, such that m k ≥ 1 and (3.6) when j ≥ N, and hence that (3.5) holds for all j ≥ 1. By combining (3.4) and (3.6) we get the estimate
when j ≥ N. Thanks to this estimate and (3.5) we can now use Lemma 5.2 in [Th2] to conclude that lim
. This completes the proof because lim
As in [Th2] we shall need the following tool to guarantee the triviality of the inverse limit of certain projective matrix systems we consider below. Let B = (B x,y ) (x,y)∈X×Y be a matrix over X × Y , where X and Y are finite sets and all the entries in B are positive numbers. We define
This quantity will be used to measure the variation of the multiplicities occuring in a Bratteli diagram. For this recall that the set of arrows in a Bratteli diagram Br can be described by the multiplicity matrices Br (j) , j = 1, 2, 3, ⋯, where Br (j) is the matrix over Br j × Br j−1 defined such that Br
A standard tool when handling Bratteli diagrams is the operation called telescoping in Definition 3.2 on page 68 in [GPS] . For the present purposes we need the observation that generalized gauge actions behave nicely with respect to telescoping. Let Br be a Bratteli diagram and F ∶ Br Ar → R a potential on Br. Let 0 = k 0 < k 1 < k 2 < ⋯ be a strictly increasing sequence of natural numbers. Let Br ′ be the Bratteli diagram with level sets Br ′ j = Br k j and multiplicity matrices
The arrows in Br ′ , from Br ′ j−1 to Br ′ j can then be identified with the set of paths in Br from Br k j−1 to Br k j and we define a potential
where µ a is the path in Br corresponding to a ∈ Br Lemma 3.5. Let Br be a Bratteli diagram. Let U be an UHF algebra and {m j } a sequence of natural numbers. There is a Bratteli diagram
4 for all j = 1, 2, 3, ⋯, and
Proof. Except for the second condition this is Lemma 5.1 in [Th2] . We check here that the construction in [Th2] can be arranged to obtain (2). For j = 1, 2, 3, ⋯, let C j be a set consisting of one element v j , and let Br ′′ be the Bratteli diagram with level sets Br ′′ 2j−1 = Br j , j = 1, 2, ⋯, Br ′′ 0 = Br 0 and Br ′′ 2j = C j , j = 1, 2, 3, ⋯. Let d j ≥ 2, j = 1, 2, 3, ⋯, be a sequence of natural numbers such that U is isomorphic to the Bratteli diagram with one vertex at each level and d j arrows from level j − 1 to level j. Since U is infinite dimensional, lim k→∞ d 1 d 2 d 3 ⋯d k = ∞ and we can therefore choose natural numbers 0 = k 0 < k 1 < k 2 < ⋯ such that when we write
where S j , r j ∈ N, r j ≤ # Br j , the estimates
hold. Choose an element u j ∈ Br j for all j ≥ 1. For j = 1, 2, 3, ⋯ set Br 
If we instead remove the odd level sets Br
and telescope, we obtain a Bratteli diagram for U. It follows that
Lemma 3.6. Let A + and A − be AF algebras and U an UHF algebra. There is a generalized gauge action α on U such that GS(α) is affinely homeomorphic to S(A + ), CS(α) is affinely homeomorphic to S(A − ) and such that there is a unique β-KMS state for α for all β ∈ R.
Proof. Let Br(±) be Bratteli diagrams such that AF (Br(±)) ≃ A ± . Let v ± 0 be the top vertexes in Br(±). We define a Bratteli diagram Br such that 
Note that there is an obvious identification
By Lemma 3.5 there is a Bratteli diagram Br
v,w for all (v, w) ∈ Br j × Br j−1 and all j, and
v,w denote the set of arrows from w ∈ Br j−1 to v ∈ Br j in Br and Br ′ respectively. Since Br
v,w , and we define a potential F ∶ Br
v,w and s(a) ∈ Br(−) j−1 .
With this choice an infinite path p ∈ P (Br ′ ) is a F -geodesic iff p ∈ P (Br(+)) and a −F -geodesic iff p ∈ P (Br(−)). It follows therefore from Theorem 2.4 that
It follows that for each β ∈ R there is a j 0 such that
for all j ≥ j 0 . By Lemma 3.3 in [Th2] this implies that
for all large j. Since Br
w,v we find that
and it follows therefore that
for all β ∈ R. By Lemma 3.2 in [Th2] and Lemma 3.1 above this implies that S F β only contains one element for all β ∈ R. Since AF (Br
follows that α F is conjugate to a generalized gauge action on U with the stated properties.
Lemma 3.7. Let α F be a generalized gauge action on an AF algebra and let U be an UHF algebra. There is a generalized gauge action α on U such that S F β is strongly affinely isomorphic to S α β for all β ≠ 0 and such that there is exactly one ground state and one ceiling state for α.
Proof. Write U = U + ⊗ U − where U ± are UHF algebras. It follows from Theorem 5.5 and Lemma 4.3 in [Th2] that there is a Bratteli diagram Br ′ and a potential
Since U + and hence also AF (Br ′ ) is simple the Bratteli diagram Br ′ has the property described in Corollary 3.5 of [Br] and using Lemma 3.4 we can therefore assume, after a telescoping of Br 
and let {t j } be a sequence of numbers in ]0, 1[ such that
Br(β)
for all arrows a, b, c ∈ Br Ar with r(a) ∈ Br j , and r(b), r(c) ∈ Br j+1 . Let q = (q i ) ∞ i=1 ∈ P (Br) be an infinite path in Br. Let {d j } ∞ j=1 be a sequence of natural numbers such that the Bratteli diagram with one vertex at each level and one-by-one multiplicity matrices given by the sequence d 1 , d 2 , d 3 , ⋯ is a diagram for U − . We can then choose a sequence i 1 < i 2 < i 3 < ⋯ in N such that the numbers
for all β ∈ [−j, j] and all j ≥ 1. Let Br ′ be the Bratteli diagram with Br ′ V = Br V and multiplicity matrices Br
To define a potential on Br
v,w be the set of arrows in Br from w ∈ Br j−1 to v ∈ Br j . We identify the set A ′ (j) v,w of arrows from w ∈ Br
when (v, w) = (s(q j ), r(q j )). It follows from (3.9) that
for all (v, w) ∈ Br j−1 × Br j when β ∈ [−j, j] and hence from Lemma 3.2 and Lemma 3.3 that
for all β ∈ R. It follows then from Proposition 3.4 and Lemma 4.3 in [Th2] that S F β is strongly affinely isomorphic to S ) it suffices to show that Geo
To prove that it is the only element of Geo
Let j be the least natural number for which p j ≠ q ′ j . We distinguish the following four cases:
In case 1) we use (b) above to choose an arrow a ∈ Br ′ Ar such that s(a) = r(q ′ j ) and r(a) = s(p j+2 ). It follows from the choice of m
In case 2) and 3) we take a = q ′ j+1 to obtain (3.10). Finally, in case 4) we again use (b) to choose an arrow a ∈ Br ′ Ar such that s(a) = r(q ′ j ) and r(a) = s(p j+2 ), but make sure that a ≠ (2, q j+1 ), as we can because r(q ′ j+1 ) = r(1, q j+1 ) = r(2, q j+1 ). Then (3.10) holds in this case also, and we conclude that p ∉ Geo
consists only of one state. An identical argument works to show that Geo
, leading to the conclusion that also CS(α) only consists of one state.
To simplify notation in the following, and to emphasize the potentials, we let G F denote the C * -algebra C * (Br + ) when Br + is defined using the potential F ∶ Br Ar → R. That is, G F is the inductive limit C * -algebra of the sequence (2.3). 
The following is the main result of the paper. It is an alternative formulation of Theorem 1.1 from the introduction.
Theorem 3.9. Let F be potential on the Bratteli diagram Br and let A + and A − be AF algebras. Let U be a UHF algebra. There is a generalized gauge action α on U such that S α β is strongly affinely isomorphic to S F β for all β ≠ 0 while GS(α) is affinely homeomorphic to S(A + ) and CS(α) is affinely homeomorphic to S(A − ).
Proof. Write U ≃ U 1 ⊗ U 2 where U i , i = 1, 2 are UHF algebras. It follows from Lemma 3.6 that there is a generalized gauge action α 1 on U 1 such that GS(α 1 ) ≃ S(A + ), CS(α 1 ) ≃ S(A − ) and such that there is a unique β-KMS state ω β for α 1 for all β. Let Br 1 be a Bratteli diagram and F 1 a potential on Br 1 such that α 1 is conjugate to α F 1 . Then S(G F 1 ) ≃ S(A + ) and S (G −F 1 ) ≃ S(A − ) by Theorem 2.4. It follows from Lemma 3.7 that there is a generalized gauge action α 2 on U 2 such that S α 2 β is strongly affinely homeomorphic to S F β for all β ≠ 0, and GS(α 2 ) and CS(α 2 ) both only contains one state. Let Br 2 be a Bratteli diagram and F 2 a potential on Br 2 such that α 2 is conjugate to α F 2 . Note that G F 2 ≃ G −F 2 ≃ C; the only C * -algebra with only one state. Set α t = α 1 t ⊗ α 2 t for t ∈ R and note that α is conjugate to α F 1 ⊗ α F 2 . By using that there is a unique β-KMS state of α 1 it follows in the same way as in the proof of the second item in Lemma 5.4 in [Th2] that S α β is affinely homeomorphic to S α 2 β for all β ∈ R and hence to S F β for all β ≠ 0. Using Lemma 3.8 we find that
and similarly,
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